A new theoretical framework is derived for parameterization of subgrid physical processes in atmospheric models; the application to parameterization of convection and boundary layer fluxes is a particular focus. The derivation is based on conditional filtering, which uses a set of quasi-Lagrangian labels to pick out different regions of the fluid, such as convective updrafts and environment, before applying a spatial filter. This results in a set of coupled prognostic equations for the different fluid components, including subfilter-scale flux terms and entrainment/detrainment terms. The framework can accommodate different types of approaches to parameterization, such as local turbulence approaches and mass-flux approaches. It provides a natural way to distinguish between local and nonlocal transport processes, and makes a clearer conceptual link to schemes based on coherent structures such as convective plumes or thermals than the straightforward application of a filter without the quasi-Lagrangian labels. The framework should facilitate the unification of different approaches to parameterization by highlighting the different approximations made, and by helping to ensure that budgets of energy, entropy, and momentum are handled consistently and without double counting. The framework also points to various ways in which traditional parameterizations might be extended, for example by including additional prognostic variables.
Introduction
In weather and climate models a range of important processes occur on scales that are too fine 41 to be resolved. These processes must therefore be represented by subgrid models or 'parame-
Conditionaly filtered compressible Euler equations

143
The derivation begins with the fully compressible Euler equations:
146 Dq Dt = 0,
147 Du Dt + 1
148 p = P(ρ, η, q).
Here, ρ is the total fluid density, u = (u, v, w) is the fluid velocity, p is pressure, and Φ is geopo- this form assumes thermodynamic equilibrium so that knowledge of ρ, η and q is enough to de-156 termine the mass fractions of water in vapor, liquid and frozen form, and hence determine p. This 157 assumption is not critical to the derivation below and can be relaxed.
158
The derivation also applies to simplified equation sets such as hydrostatic, anelastic, or Boussi-159 nesq. However, an increasing number of weather and climate models are now based on the non-
160
hydrostatic compressible Euler equations in order to be accurate across a wide range of scales 161 (Davies et al. 2003) . In order to be applicable to such models, we retain the compressible Euler 
165
In order to carry out conditional filtering a set of n Lagrangian labels I i , i = 1, . . . , n is introduced.
166
At any point in the fluid one of the I i is equal to 1 while the others are equal to 0. We will refer Lagrangian labels.
171
Because the I i are Lagrangian labels, we can write
This equation will be used in the form
In this form there are time and space derivatives of discontinuous functions; these must be inter-
174
preted as Dirac δ -functions, and they will only make sense when integrated. However, the deriva-tion below avoids explicit consideration of these δ -functions. Also, the derivation avoids the need 9 to explicitly consider a surface integral over the boundary of any fluid component (though such consideration might be needed to formulate a specific parameterization of some terms).
178
Now consider a formal spatial filtering of the governing equations. This is analogous to the 179 derivation of the filtered equations used in LES, with the key difference that the filter is restricted 180 to each fluid component in turn with the aid of the labels I i . Let G(ξ, ∆) be a kernel for the filter,
181
where ∆ is the filter width and D G(ξ, ∆) dξ = 1. Then a filtered variable, indicated by an overbar,
182
is defined as a convolution of the unfiltered variable with the kernel:
where the integration is over the domain D of interest. (A density-weighted filter X * may also 184 be defined; see (A1).) It will be assumed below that the filter commutes with space and time
185
derivatives: 1
Now define σ i to be the volume fraction of the i th fluid component on the filter scale:
Then, since ∑ i I i = 1, it follows that ∑ i σ i = 1. Also define the average density of the i th fluid 188 component on the filter scale ρ i by
To derive an evolution equation for σ i ρ i , multiply (1) by I i and add to ρ times (7) to obtain
If we now define u i to be the density-weighted velocity of the i th fluid component on the scale of 192 the filter
i.e.
then (13) becomes
Next we derive an evolution equation for the entropy of the i th fluid component. Start by com-
196
bining (2) with (1) to obtain the conservative form
Take I i times (17) plus ρη times (7) to obtain
Now apply the filter and use (9) to obtain 199 ∂ ∂t
By analogy with (15), define η i to be the density-weighted entropy of the i th fluid:
Now write
where
SF is the subfilter-scale flux of η i . Thus, (19) becomes
Subtracting η i times (16) gives
or, defining
to be the 'material' derivative following the i th fluid component,
In an analogous way, one may define the average density-weighted water content of the i th fluid 206 q i and obtain its evolution equation
The subfilter-scale fluxes F between fluid components must occur through relabelling terms-see section 4.
211
Next consider the momentum equation. A key feature of this derivation is that we wish to end 212 up with the same pressure gradient term appearing in the momentum equations for each of the 213 labelled fluid components; see section 6 for a brief discussion. Taking ρ times (4) plus u times (1)
214
gives the flux form of the momentum equation
Now apply the filter to (28) and consider each term in turn. To an excellent approximation ∇Φ 217 will be constant over the filter scale, so
The pressure gradient term is
The term p∇I i involves δ -functions at the boundary of the regions containing the i th fluid compo- 
where d i j is minus the pressure force (i.e. the 'drag') exerted by fluid j on fluid i on the scale of 
accounts for the fact that the remaining filter-scale pressure gradient force is not given exactly by 227 σ i ∇p. By summing over i and using (10) it can be seen that
density-weighted u of the i th fluid, so
Finally, consider the momentum flux due to advection and write
SF is the subfilter-scale momentum flux tensor.
232
Combining these results gives
Then, subtracting u i times (16) and dividing through by σ i ρ i gives
It is easily verified that including a Coriolis term 2Ω × u on the left hand side of (4) leads to the 235 appearance of a term 2Ω × u i on the left hand side of (37).
236
For completeness a filtered version of the equation of state is also needed.
where inclusion of source terms in the framework is straightforward.
249
For illustration, consider the budget of liquid water (superscript (l)), but neglect precipitation as 250 well as freezing and thawing. The analogue of (3) for liquid water is then
where C and E are the rates of condensation and evaporation, respectively. Combining with (1) to 252 obtain the flux form of the equation, and then with (7) gives
Application of the filter then leads to
where q 
The final result can be converted back to advective form by subtracting q (l) i times (16): terms directly in the filtered equations (16), (25), (26), (37).
292
Let M i j be the rate per unit volume at which mass is converted from component j to compo-
(If we define M ii = 0 then we can include j = i in the sum too.) This formulation clearly introduces 295 no net source to the total density ρ = ∑ i σ i ρ i .
296
Next, letq i j be a representative value of q for the fluid that is converted from component j to 
Subtracting q i times (44) then leads to
However, we are not restricted to this choice, and a more accurate scheme might be obtained by a first order upwind scheme, but other choices might give more accurate schemes.
307
A similar argument allows the inclusion of relabelling terms in the entropy equation
This formulation clearly conserves the total entropy. The simple choiceη ji = η i is possible,
309
leading to some simplification, but other choices might give more accurate results.
310
As noted in section 2, it is possible to work with some function of entropy rather than entropy 311 itself. If the fluid is a perfect gas and moisture can be neglected then there are two advantages 312 to working with potential temperature θ rather than η. First note that the conditionally filtered 313 potential temperature equation, including relabelling terms, would be
This formulation would conserve the density-weighted potential temperature, rather than entropy.
315
In this case it is appealing to write the equation of state in the form
where p 0 is a constant reference pressure, R is the gas constant for dry air, and κ = R/C p with C p 317 the specific heat capacity at constant pressure. Multiplying by I i and applying the filter then gives
If the subfilter-scale terms are negligible then multiplying by σ i and summing over fluid compo-319 nents gives
Since the relabelling terms in (48) would preserve the right hand side of (51), they would therefore 321 preserve p. Thus, relabelling terms should not introduce any pressure fluctuations that could 322 generate acoustic waves and cause numerical problems.
323
A closely related point is that the internal energy density of the i th fluid component (neglecting 
In this formulation the relabelling terms conserve momentum. On the other hand, they do not 330 generally conserve the filter-scale kinetic energy; instead they imply a transfer of kinetic energy to 331 (or from) the subfilter-scale. This transfer could, in principle, be diagnosed and used as a source 332 for subfilter-scale kinetic energy or as a term in a diagnostic budget.
In the discussion so far we have identified entrainment and detrainment with relabelling. Now,
335
in the continuous equations (1) relabelling should reflect changes in the physical properties of the fluid, which in turn will often 344 be associated with source and sink terms. These ideas are explored a little more in this subsection.
345
First note that there is a close relationship between relabelling and mixing. As a simple illustra-346 tive thought experiment, consider a situation in which q is uniform in fluid 1 and also in fluid 2, 347 but with different values in each. Now consider relabelling some of fluid 1 as fluid 2. As a re-348 sult the mean mixing ratio in fluid 2 q 2 will change. Also, there will now be some subfilter-scale 349 variability of q in fluid 2; previously it was zero. In principle, if we were to keep track of the 350 subfilter-scale variability, for example through budgets of variance and higher order moments,
351
then the relabelling could be reversed; after all, the physical state of the system has not changed. 
At this point the mathematical operation of relabelling and the physical sources are conceptually 362 distinct and correspond to different terms in the equation. 
Thus we have a constraint relating the relabelling terms to the source terms. It would be natural would immediately result in evaporation. In that case (54) breaks into two separate constraints:
and sink terms. closure approach is mentioned briefly first. The EDMF approach may be considered a hybrid of 379 the two, and is discussed briefly at the end of this section.
380
An important detail is that atmospheric models are generally formulated to predict the evolution 381 of filter-scale mean variables ρ, η * , q * , u * , with the dynamical core handling transport by u * .
382
Appendix A obtains the equations for these mean variables in the conditionally filtered framework. quantities constructed from them, and their derivatives, at that point.
389
The simplest such schemes include diagnostic eddy diffusivity schemes, usually applied to the The budgets for the filter-scale mean entropy and total moisture are given by (A8), (A6). We 
where 
and
where M = σ 2 ρ 2 w 2 is the vertical mass flux in the convecting fluid.
440
Equations (57) and (58), together with (61) and (62), specify the convective source terms for 441 the large-scale thermodynamic variables in terms of the profiles of M, η 2 , and q 2 . The simplest 442 convection schemes neglect the effect of convection on the large-scale momentum budget, and for 443 simplicity we will do the same here.
444
The cloud model is obtained by approximating the conditionally filtered equations for fluid 2.
445
First Consider the mass budget (44). Assume that σ 2 ρ 2 is steady and neglect horizontal transport 446 in fluid 2 to obtain
where E = M 21 is the entrainment rate, and D = M 12 is the detrainment rate. If desired, the 448 entrainment and detrainment may be expressed as fractional entrainment rates per unit height:
450
For the cloud water budget, in (45) assume that σ 2 ρ 2 q 2 is steady, i.e. neglect storage of water in 451 the cloud. Also neglect horizontal transport of water by the cloud, and neglect the F 
An alternative form is obtained by subtracting q 2 times (63):
In a similar way, by making analogous approximations, the cloud entropy budget may be written
Given cloud base values of M, q 2 , and η 2 , and vertical profiles of E and D (or ε and δ ), equa-460 tions (63), (65), and (67) may be integrated to obtain vertical profiles of M, q 2 , and η 2 .
461
Values of cloud buoyancy will be needed to determine whether convection occurs. They will (52): form by assuming that the filter-scale mean state is in hydrostatic balance
so that
In a typical mass flux scheme ρ 2 is not calculated directly. However, B can be diagnosed from the 
This is typically simplified further by assumingŵ 21 = w 1 ≈ 0 andŵ 12 = w 2 to give
However, there is evidence that this assumption is a not a good approximation (e.g. Sherwood et al. 
29
is usually parameterized and at convection-resolving resolutions, and may even be able to work at 527 intermediate gray zone resolutions.
528
The difficulty of parameterizing convection, and the potential benefits of using a more funda- and is summarized in the epithet 'the equations know more about convection than we do'. The ep-532 ithet might also be applied to the multi-fluid approach, since it attempts to solve a more complete 533 and fundamental equation set than is usually done in conventional parameterizations.
534
The derivation of section 2 was constructed in such a way that the same mean pressure gra- allowed.
557
It is important to check that the derivation in section 2 provides the right number of equations 558 to determine all the unknowns; in particular we need to be able to determine both σ i and ρ i even 
where ∇ H is the horizontal gradient operator, F 
576
We have begun to explore the potential of the multi-fluid approach theoretically and numerically.
577
In the absence of entrainment/detrainment terms and subfilter-scale terms we have shown that updrafts and downdrafts and hence determines mass sink and source terms for the dynamical core.
618
These mass source and sink terms correspond to the M i j terms discussed in section 4 above. approximations made, and helping to ensure consistency such as the avoidance of double counting.
630
A major motivation for developing this framework is that it can accommodate various extensions 631 to current approaches to parameterization, such as the inclusion of additional prognostic variables.
632
In particular, it indicates how one could allow the dynamical core to handle the dynamics of 633 convection; this multi-fluid approach has the potential to improve coupling between convection 634 and large-scale dynamics in several ways (section 6), and we have begun to explore this possibility.
635
A closely related point is that, in the proposed framework, the dynamics is expressed through 636 a set of partial differential equations, to which standard numerical methods can be applied, sup-
637
plemented by some subfilter-scale fluxes and relabelling terms that must be parameterized. In 
and note a useful identity 
The advective form of the moisture equation is then obtained by subtracting q * times (A3) to obtain
673
In an exactly analogous way we obtain an evolution equation for the filter-scale mean entropy 
Here we have used the antisymmetry of d i j and the fact that ∑ i b i = 0. 
